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Abstract
Let f :M →M1 be a CR mapping between real analytic generic submanifolds M , M1 of CN and
CN1 , respectively. According to Webster’s theory (Proc. Amer. Math. Soc. 86 (1982) 236–240) and
its further developments, f has holomorphic extension to a full neighborhood of M in CN when the
following requirements are fulfilled: f extends to a wedge W continuous up to M ; f is of class Ck ;
f ′TCM = TCM1 (where TC denotes the complex tangent bundle); M1 is “k-nondegenerate.” We
deal here with the case where f ′TCM is strictly smaller than TCM1 but is still real analytic in
suitable sense. We show that a suitably refined condition of k-nondegeneracy still entails holomorphic
extension of f .
 2003 Elsevier Inc. All rights reserved.
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1. Nonstandard coordinates in the jet space
We denote by z coordinates in CN , and fix a point z0 ∈CN and an integer k  1.
Definition 1.1. We denote by J k,dz0 (CN) the space of k-jets at z0 of d-dimensional (complex
analytic) submanifolds of CN .
We recall that the points in the jet space defined above are the equivalence classes of
the submanifolds Y ⊂ CN of dimension d under the equivalence relation which identifies
Y1 ∼ Y2 when there is a neighborhood of z0 of the type U1 × U2 ⊂ Cd × CN−d with
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G. Zampieri / J. Math. Anal. Appl. 283 (2003) 150–158 151coordinates (z′, z′′) in which Y1 and Y2 are represented as graphs z′′ = hi(z′), i = 1,2,
with h1 and h2 having derivatives up to order k coinciding at z0. We denote by jkz0(Y ) the
k-jet of Y at z0.
To describe coordinates in the jet space we use a nonstandard way that we describe
now. We decompose coordinates as z = (z′, z′′) in CN = Cd × CN−d , and decompose
accordingly derivatives ∂z = (∂z′, ∂z′′) and differentials dz= (dz′, dz′′). We take a basis of
(1,0) vector fields tangent to Y in the form
Li = ∂z′i +
N∑
j=d+1
aji(z)∂z′′j , i = 1, . . . , d. (1.1)
Let T Y⊥ be the orthogonal bundle to T Y in T ∗CN whose elements are the forms which
vanish on T Y , and take a basis for T Y⊥ of the type
ξj = dz′′j +
d∑
i=1
bji(z)dz
′
i , j = d + 1, . . . ,N. (1.2)
We will adopt the convention that tangent vectors are represented by columns Li = (. . . ,
0,1,0, . . . , aji)j )t and forms are written as rows ξj = (bji, . . . ,0,1,0, . . .)i .
Definition 1.2. We define coordinates for the jet jk,dz0 (Y ) as the collection of numbers(
Lα(bji)(z0)
)
α ij
for |α| k, i  d and d + 1 j N. (1.3)
Remark 1.3. Let (ξ˜i)i = G(ξi)i be a change of basis of T Y⊥, where G is an invertible
(N−d)×(N−d)matrix. Denote by ξ and ξ˜ the matrices with rows ξj and ξ˜j , respectively,
and denote by ξ ′′ and ξ˜ ′′ the squared matrices formed with the last N−d columns. We then
have (ξ˜ ′′)−1ξ˜ = (Gξ)′′−1Gξ = ξ ′′−1ξ = (bji)ji . Thus our coordinates could be defined
equivalently by normalizing through the choice of the basis (1.2) or through division by
(ξ)′′). The same remark applies also to the choice of the basis (1.3) for tangent vectors.
Also, if we describe Y as a graph z′′ = h(z′), then we have
Lα((bji))= ∂αz′((bji |Y ))= ∂αz′(∂zi hj ). (1.4)
Hence all different coordinates, for different choices of the ξj ’s and Li ’s are in fact reduced
to (1.4).
Remark 1.4. If we change coordinates z˜= z˜(z) in CN , then the jet coordinates Lα((bji))
change according to the chain rule. Thus they are indeed coordinates in the sense that the
collection of the Lα((bji))’s can be recovered from the L˜α((b˜ji))’s and from the k-jet of
the mapping z˜= z˜(z) that is the collection of the derivatives up to order k of the z˜i ’s with
respect to the zi ’s.
Let M be now a real analytic generic submanifold of CN of codimension l through a
point z0, and let T CM := TM ∩ iTM be the complex tangent bundle to M . Let (z, z¯) be
coordinates in the real underlying space CN ×CN C¯N , and (z, w¯) coordinates in its com-
plexification CN × C¯N . Let rj (z, z¯)= 0, z ∈CN , j = 1, . . . , l, and rj (z, w¯)= 0, (z, w¯) ∈
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MC, respectively. We identify T CM with an integrable bundle T 1,0M in (T (CN × C¯N))|M
by sending each vector field L ∈ T 1,0M to L− iJ (L) where J is the complex structure in
CN , and next we extend this bundle from M to its complexification MC by taking a basis
with real analytic coefficients and extending these coefficients from M to MC. We denote
by (T 1,0M)C this extension. Note that MC is foliated by the integral leaves of (T 1,0M)C.
These are complex manifolds of dimension N − l which project, on CN , onto the so-called
“Segre varieties” associated to M which are defined, for each w¯ ∈ C¯N , by
Qw¯ =
{
z ∈CN ; rj (z, w¯)= 0, ∀j = d + 1, . . . ,N
}
. (1.5)
Note in particular that we have Tz0Qz¯0 = T 1,0z0 M . Let V be a real analytic subbundle
of T CM of rank d  N − l and identify it to a bundle V 1,0 of (1,0) vector fields (by
L→ L− iJ (L)). We take basis {Li}i and {ξj }j for V 1,0 and its orthogonal (V 1,0)⊥ with
real analytic coefficients in the form (1.1) and (1.2), that is
Li = ∂z′i +
N∑
j=d+1
aji(z)∂z′′j , i = 1, . . . , d,
and
ξj = dz′′j +
d∑
i=1
bji(z)dz
′
i , j = d + 1, . . . ,N.
We then use Lα(bji) as coordinates for the “jet” of the bundle V .
Definition 1.5. We denote
Vk =
{(
z,Lαz (bji)(z) i = 1, . . . , d
j = d + 1, . . . ,N
|α| k− 1
)
, z ∈M
}
⊂CN ×Cκ , (1.6)
where κ is the number of partial derivatives in CN of order  k − 1 times dl(N − d).
Vk is clearly a (real) submanifold of CN ×Cκ graphed over M .
Remark 1.6. (a) When V = T CM , and hence d = N − l, then Vk are at any z ∈M the
coordinates for the k-jet of the Segre variety of M that is jk,dz (Qz¯).
(b) Assume that V 1,0 extends to M as an integrable subbundle of T 1,0M of rank d 
N − l. By taking the complexification of V 1,0, we obtain an integrable bundle over MC
which produces a foliation of MC by its integral leaves Rw¯ ⊂Qw¯ . In this case Vkz are the
coordinates of jk,dz (Rz).
(c) In case V extends as a real-analytic integrable subbundle of T 1,0M , we can view
V 1,0 as the new CR structure of M . In fact there is a new embedding M ↪→ CN ′ (for
N ′ N ) such that V = T CM for the new embedding.
Let Li and ξj denote basis for V 1,0 and (V 1,0)⊥; we have not necessarily to suppose
that they are normalized as in (1.5). For any u ∈ T Cz0M , we denote now by Lu (any) section
of T 1,0M which extends ∂u at z0. We make the following assumption of nondegeneracy:
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such that L¯uLα(ξj0)z0 /∈ Span|β||α|, j Lβ(ξj ). (1.7)
Remark 1.7. (a) Let A be an (N − d)× (N − d) invertible matrix. It is then obvious that
Span|α|k, jd+1
{
Lα((Aξ)j )
}= Span|α|k, jd+1{Lα((ξ)j )}
and
Span|α|k, jd+1
{
L¯uL
α((Aξ)j )
}= Span|α|k, jd+1{L¯uLα((ξ)j )}.
It follows that (1.7) is independent of the choice of the basis {ξj }. The similar remark
applies to another choice of {Li}.
(b) When (1.7) holds for V = T CM we say that M is k-nondegenerate. (Here Levi-
nondegenerate means 1-nondegenerate.) We refer to [12] as the first paper which contains
explicitly this notion.
Theorem 1.8. (1.7) implies that Vk is totally real in CN ×Cκ .
Proof. Fix z0 ∈M; then a vector(
u;LuLα
(
(ξ ′′)−1ξ
)+ L¯uLα((ξ ′′)−1ξ))
belongs to T CVk at the point of Vk over z0 if and only if{
u ∈ T CM,
L¯uL
α((ξ ′′)−1ξ)= 0. (1.8)
It is immediate to verify that the second of (1.8) implies ∀j  d + 1, ∀|α| k − 1
L¯uL
α(ξj ) ∈ Span∀|β||α|,∀id+1 Lβ(ξi).
But then (1.7) implies that u = 0. This shows that T CVk = 0 or in other terms that Vk is
totally real. ✷
Remark 1.9. For V = T CM and k = 1, the converse of the statement of Theorem 1.8 is
true, that is
T 1,0M is totally real in CN × J 1,N−l (CN) iff M is Levi-nondegenerate.
Here Levi nondegeneracy means, for a system of local defining equations rj = 0 for M ,
for all u ∈ T CM \ {0} there is v ∈ T CM s.t. ∂¯u∂vrj = 0 for some j. (1.9)
In fact it is easy to find a local parametrization of M at z0 which is “rigid up to order 2,”
that is of type y ′′ = h(x ′′, z′, z¯′) with z0 = 0, ∂hz0 = 0, ∂x ′′∂z′hz0 = 0, ∂x ′′∂z¯′hz0 = 0. For
r =−y ′′ + h and ξj = ∂rj , it follows that
L¯u
(
(ξ ′′)−1ξ
)= L¯u(ξ ′),
where ξ ′ denotes the l× (N − e) matrix obtained by means of the first N − e columns of ξ .
In particular
L¯u
(
(ξ ′′)−1ξ
)= 0 iff L¯u(ξ ′)= 0 iff L¯u(ξ)|T Cz0M = 0. (1.10)
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Let f :M→M1 be a CR mapping between germs of real analytic generic submanifolds
M and M1 of CN and CN1 of codimensions l and l1, respectively. We consider the real un-
derlying manifold CN ×CN C¯N to CN with coordinates (z, z¯) and its complexification
CN × C¯N with coordinates (z, w¯). If rj (z, z¯)= 0, j = 1, . . . , l, are real-analytic indepen-
dent local equations for M in a neighborhood of a point z0, we define the complexification
of M by MC = {(z, w¯); ri(z, w¯)= 0, ∀i}. Thus M is nothing but the intersection of MC
with the diagonal CN ×CN C¯N . Let p :CN × C¯N → CN and q :CN × C¯N → C¯N be the
first and second projection, respectively, and denote by Qw¯ = p(q−1(w¯)∩MC) the Segre
variety of M . Clearly Qw¯ = {z; ri(z, w¯)= 0, ∀i} and if (w, w¯) ∈M , then TwQw¯ = T Cw M .
Moreover, for V = T CM , we have in the notations of Section 1 that Vkw are coordinates for
jk,N−lw (Qw¯). In the same way we introduce CN1 ×CN1 C¯N1 , CN1 × C¯N1 , MC1 , Q1w¯1 , etc.
We denote by W a wedge of CN with edge M in a neighborhood of z0. This is a domain
such that for some open convex cone Σ ⊂CN and for a neighborhood B of z0{
((W ∩B)+Σ) ∩B ⊂W,
M ∩B ⊂ ∂W.
It is clear that Tz0W contains a cone of the form Tz0M + Γ in Tz0M + TMCNz0 = CN for
some open convex cone Γ ⊂ TMCNz0 , the so-called “directional cone of W at z0.” We shall
also denote by W− an “opposite” wedge with directional cone −Γ .
Proposition 2.1. Let f :M →M1 be C1 and extend holomorphically to a wedge W con-
tinuous up to the edge M . Suppose that
rankf ′zT Cz M ≡ d1 for all z ∈M near z0. (2.1)
Then
rankf ′zT Cz Qw¯ ≡ d1 for any (z, w¯) ∈ p−1(W) ∩MC near z0. (2.2)
(In particular for w ∈W , f (Qw¯ ∩W) is an immersed complex submanifold of Q1w¯1 of
dimension d1. Here w1 := f (w).)
Proof. Since f is C1 in M and C0 in W ∪M , then it well known (cf., e.g., [6]) that f
is C1 in W ∪M . In particular f ′zTzQw¯ extends continuously from p−1(W) ∩MC to M .
We then take a system L1(z, w¯), . . . ,Ld1(z, w¯) of vector fields in f ′zTzQw¯ holomorphic
for (z, w¯) ∈ p−1(W) ∩MC, continuous up to M , such that
Span{L1, . . . ,Ld1}z = f ′zT Cz M, z ∈M. (2.3)
These vector fields will remain independent, just by continuity, when passing from M to
p−1(W) ∩MC. We claim that they will also satisfy
Span
{
L1(z, w¯), . . . ,Ld1(z, w¯)
}= f ′zTzQw¯ ∀(z, w¯) ∈MC. (2.4)
In fact, take L ∈ f ′zTzQw¯ , choose I = (i1, . . . , id1+1) indices of N1, let (L1, . . . ,Ld1,L)
denote the N1× (d1+1) matrix with columns the L’s, let (L1, . . . ,Ld1,L)I be the squared
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denote by DI (z, w¯) the determinant of (L1, . . . ,Ld1,L)I . Note that DI extends holomor-
phically to p−1(W) ∩MC and DI |M ≡ 0. We are therefore in the situation expressed by
the following diagram:
p−1(W) ∩MC DI C
M
DI {0}
But it is well known that if a holomorphic function on a complex wedge has 0 boundary
value on the (analytic generic) edge, then the function itself is 0. ✷
We assume from now on that
rankf ′T CM ≡ d1 and f ′T CM extends from f (M) to M1
as a real analytic subbundle V1 of T CM1. (2.5)
We remark that d1 N1 − l1 where l1 is the codimension of M1 in CN1 . We take a pair of
basis {ξj }jd1+1 and {Lj }jd1 for V⊥1 and V1, respectively. We also assume that
∀u ∈ T CM1 there are α with |α| k − 1 and j  d1 + 1
such that
(
∂¯uL
α(ξj )
)
/∈ Span|β||α|, id1+1
{
Lβ(ξi)
}
. (2.6)
According to (1.7) there is another notion of k-nondegeneracy for M1 in which one takes
on one hand fewer conormals ξj , j =N1− l1+1, . . . ,N1 (and precisely those in T 1,0M⊥1 ),
and on the other hand, more vector fields Li , i = 1, . . . ,N1 − l1 (those in T 1,0M1 instead
of V1).
If we suppose that f extends holomorphically to a wedge W , then it also extends to the
wedge MC ∩ p−1(W) in MC; we denote by f C this extension and also use the notation
(z1, w¯1)= f C(z, w¯). Thus f induces in a natural way a transformation
(
MC ∩ p−1(W))× J k,N−lz (CN) f k−→ (CN1 × C¯N1)× J k,d1z1 (CN1),(
(z, w¯); jk,N−lz (Qw¯)
) f k−→ ((z1, w¯1); jk,d1
z1
(f (Qw¯))
)
. (2.7)
We denote by V the bundle T CM , and by Vk the manifold in CN ×Cκ defined by (1.6).
We denote by V1 the extension of f ′T CM to M1 and define Vk1 in CN1 ×Cκ1 , for conve-
nient κ1, by the analogous of (1.6). We assume from now on that f :M →M1 is Ck and
extends holomorphically to W ⊂ CN continuous up to M . In this situation (cf. again [6])
we know that f converges in the Ck sense to its boundary value f |M . In particular f k
has a continuous boundary value, that we still denote by f k , on the edges of the wedges
of (2.7), namely
Vk f
k
−→ Vk, (z; jk,N−lz (Qz¯)) f k−→ (z1; jk,d11 (f (Qz¯))).1 z
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embedding and, if ρ˜1 :MC1 → CN1 ×Cκ1 is a holomorphic extension of ρ1, we set V˜k1 :=
ρ˜1(MC1 ). If ρ :M→ Vk is the similar embedding of M , we define in perfect analogy V˜k :=
ρ˜(MC). Remember that we are assuming that Vk1 is totally real. It is obvious that this is the
same as to suppose that ρ˜1 is injective over MC1 or, in other terms, that V˜ k1 coincides with
VkC1 , the complexification of Vk1 . To carry on our argument we need
Proposition 2.2. We have
V˜k1 (z1,w¯1) = jk,d1z1 (fQw¯)= f k
(V˜k(z,w¯)).
Proof. We denote by r1j = 0 a system of equations for M1. What we need to prove is that
there is w1 with r1j (z
1, w¯1)= 0 s.t.
j
k,d1
z1
(fQw¯)=
(V˜k1 )(z1,w¯1).
It turns out that this w1 is unique by the injectivity of ρ1. The injectivity of ρ1 also implies
that V˜k1 is a manifold. Thus it is defined by a set of equations say Ψi = 0. Clearly we have{
Ψif
k is holomorphic in p−1(W) ∩MC,
Ψif
k|M ≡ 0 (due to Vk1z = jk,d1z1 (fQz)).
Then by reflection we get Ψif k ≡ 0 ∀i in p−1(W)∩MC. ✷
We recall that by (2.6) V˜k1 is identified to a complexification of Vk1 (but it is not necessar-
ily true that V˜k is a complexification of Vk). By the above lemma, when f is Ck and (2.5),
(2.6) hold, we have a commutative diagram
p−1(W ∪M)∩MC ρ˜ V˜k f
k
V˜k1
M
ρ Vk f
k
Vk1
(2.8)
Theorem 2.3. Let f :M →M1 be Ck , and extend to a wedge W , continuous up to M .
Assume (2.5), (2.6). Then f extends holomorphically to a neighborhood of M in CN .
Proof. In (2.8) we have a holomorphic mapping f k ◦ ρ˜ in a wedge of MC with edge M
with values in V˜k1 . This mapping is continuous up to M and transforms M into Vk1 which is
totally real in V˜k1 . By reflection we can therefore extend f k ◦ e to a holomorphic mapping
(f k ◦ e) in the “opposite” wedge. Finally by the edge of the wedge theorem, we can glue
f k and (f k ◦ e) to a single holomorphic mapping in a full neighborhood of M in MC. ✷
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of (2.5)). In this situation, and for k = 1, (2.6) is equivalent to the fact that M1 is Levi-
nondegenerate. Hence Theorem 2.3 yields, in this particular case, the result by Tumanov
in [7].
(b) During the preparation of the present paper we encountered the condition of nonde-
generacy by Lamel [3]. For a system of equations r1j = 0, j  l1, of M1, and for L ranging
through f ′T CM , he assumes
Span0|α|k, jl1
{
L¯α
(
∂r1j
)}=CN1 .
For k = 1 this reads
for any u ∈ T CM1 there is f ′v ∈ f ′T CM such that
∂¯∂r1j (u¯, f
′v) = 0 for some j .
This can occur only if f ′T CM = T CM1 (and coincides with the Levi nondegeneracy
of M1). We give now an example where f ′T CM = T CM1 but (2.6) holds.
Example 2.5. In complex coordinates z= x + iy let us set
r1 =−y3 + (z1z¯2 + z¯1z2), r2 =−y2 + z1z¯1 + x4, r3 =−y2 + z1z¯1,
and define
M = {z ∈C4; r1 = 0, r2 = 0, y4 = 0}, M1 = {z ∈C3; r1 = 0},
V = Span{∂r1, ∂r3}⊥|M1,
and
f :M →M1, z= (z1, z2, z3, z4) → (z1, z2, z3).
(2.5) is obvious. Let us check now (2.6) in a neighborhood of z0 = 0. Let e1 = (1,0, . . .),
e2 = (0,1, . . .), and fix u = ae1 + be2 ∈ T Cz0M1 \ {0}. If b = 0, then ∂¯∂r1(u¯, e1) = 0; if
b= 0, then ∂¯∂r3(u¯, e1) = 0.
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